ONE SHOT REVISION

Theory of Computation
(ToC) Short Notes

Short Notes | Hindi + English

1 Basics & Finite Automata
Alphabet, String, Language * DFA « NFA « e-NFA « NFA < DFA « Minimization

2 Regular Expressions & Regular Languages

RE - Kleene's Theorem « Arden’s Theorem « Pumping Lemma « Closure « Moore [ Mealy

3 Context Free Grammar & Languages
CFG - Derivation « Parse Tree » Ambiguity « Simplification « CNF / GNF « Pumping Lemma for CFL

4 Push Down Automata
PDA - ID - Final State / Empty Stack « DPDA « PDA « CFG « Two Stack PDA

5 Turing Machine & Decidability

TM - Variants « UTM « Church-Turing « Recursive / RE « Halting Problem « PCP

Definitions, Formulas, Tables aur Exam Points alag colour boxes me diye gaye hain - one shot revision ke liye.



o Basics & Finite Automata

I Theory of Computation (smorr fRigia)

Definition
Computer science @' ag @l St computation & mathematical models, &H-H problems computer gRT
solve gt Wead! § adT 378 solve A & felY 3aedeh resources T 3Te8d- il gl

(1. Automata Theory ) (2. Formal Languages ) (3. Computability Theory ) (4. Complexity Theory )

I Basic Terms

Term Meaning (English + &) Example

Alphabet (=) A finite, non-empty set of symbols | Symbols @ finite 3fi ¥ = {0,1} (binary alphabet); = =
non-empty set; X (Sigma) & represent| {ab,c}

String et alphabet & symbols &I finite sequencel Length = 0101 valid string, |0101| = 4
symbols &t T

Empty String S string & @18 symbol 781, € (epsilon) & represent lel =0

Language fet alphabet @ &t strings @1 &I oft set (Language = Set ¥ ={01},L={0,1,0110}
of Strings)

Automaton Abstract mathematical machine Sit input symbols TgR DFA, NFA, PDA, Turing Machine
defined rules & AR state Sgerd! &

Grammar et language @1 valid strings generate @<+ & rules =T set G=(V,T,PS)

V = Variables / Non-terminals | T = Terminals | P = Productions | S = Start
symbol

I Finite Automata / DFA

Finite Automaton
T mathematical model fS&# finite number of states gid &1

DFA (Deterministic Finite Automaton)

Finite automaton fS&H & state 3R g input symbol & 7 exactly one transition gid1 81

Formal definition: M = (Q, %, 6,qo, F), 5:Q*x 2 » Q

Q = finite set of states « £ = input alphabet « & = transition function « qo = initial state « F = final/accepting
states

State Transition Graph Transition Table
Circle - State « Arrow - Transition « Double circle Transitions @ table form # f&@mT Example: L =
- Final state - Incoming arrow - Initial state strings ending with 1 (Z = {0,1}) - q0: (0~q0, 1=q]),

ql: (0~q0, 1=q1)
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Language of DFA
DFA gRT accepted Tt strings @1 set: L(M) = {w | M accepts w} | Example: 1 R end g areft strings - L = {1, 01,11,
001,101, ...}

I NFA (Non-Deterministic Finite Automaton)

Automaton Transitions [ Meaning

DFA Exactly one transition (& state &R input symbol &)

NFA State &R input symbol & &g zero, one aT multiple transitions & &d §

e-NFA Automaton faFT input symbol consume f&t state aga @ehar & (e-transition: q0 --e--> )
Language of NFA 3R fdt input string & faiv &9 & &9 T path final state de g3, dt string accepted

(ZZ0E0T e-transition consumes no input symbol. | NFA accepts if at least one possible path
accepts the string.

Equivalence of NFA and DFA

NFA = DFA

NFA 3R DFA computational power # equivalent §; g NFA & T equivalent DFA I ST ehdT g1 Technique:
Subset Construction I Powerset Construction (NFA - DFA conversion) | Exam Point: DFA and NFA
recognize exactly the Regular Languagesi|

Minimization of Finite Automata

DFA Minimization
Equivalent states % merge e minimum number of states dTel equivalent DFA s=-T1 Methods: Partition

method, Table-filling method, Myhill-Nerode approachi afg & states @t possible future inputs ™ same
behavior @t §, @ & equivalent g It 81

Distinguishing One String from Another

3l strings @t distinguish &% & feg T suffix @isT ST & I8 Ues string accepted gt 3R g8t rejected | Example:
x =0,y =1, suffix 1 T @R 01 - accepted, 11 - rejected, gafa suffix 1 g4I @ distinguish @=a1 g1 98 concept DFA
minimization 3R Myhill-Nerode theorem & #gaqvf g1

o Regular Expressions & Regular Languages

I Regular Expression (fFafia sifaeafa)
Definition

Formal notation fSi&et 3uaivT Regular Language @t describe &= & g fhar Srar 1 Example: (041)* - @oft
binary stringsi
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Operator Symbol Example Meaning

Union + or | a+b aORDb
Concatenation (juxtaposition) ab g g, iR b
Kleene Star * a* €, 0, Aq, aaq, ...

Kleene Star (*) > Concatenation > Union (+) - Star » Concatenation - Union

Identity Laws R+®=R | Re=R

Zero Law RO =0

Idempotent Law R+R=R

Star Laws *=g+RR* | R*=¢+R*R

Kleene's Theorem & Conversions

Kleene's Theorem

Regular Expressions and Finite Automata are equivalent in expressive power (gHf Regular Languages
represent &<d &) | 39T RE - FA 3R FA - RE gHI T &1

Conversion Approach
RE - FA Common approach: RE » e-NFA - DFA. Example: RE = a* - FA zero T 3ifdie a accept &M
DFA - RE State elimination method a1 Arden’s theorem

Arden’s Theorem
Regular expressions 3R finite automata & equations solve &= #1 afa X = AX + B 3R €, A &l language # 781 §,
at X = A*BI

Non-Regular Languages & Pumping Lemma

Non-Regular Language
=% ¥ finite automaton recognize gl &= Tehd1l Example: L= {0"1" | n = 0} (0 3k 1 &t T equal) | Why?
Finite automaton @& 9/ unlimited counting & feiT Taftd memory =gt gidt|

Pumping Lemma for Regular Languages
gg prove &% & iy fs @IS language NOT regular g1 3¢ L regular g, @ pumping length p exist &l g difds
sufficiently long string w = xyz &), 5igt: 1) Ixyl < p 2) lyl > 0 3) xy'z € Lforalli = 0l

A & L regular 8 pumping length = pI g+t w = 0P1°P| Pumping lemma &
3FER y dad initial 0s & N1 y @ pump/remove @A W (xy°z) 0 &R 1 6t T unequal g STEt, 3afAT string L &
T8l - Lis not regular.
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I Closure & Decision Properties of Regular Languages

Property Details

Closure (closed under) Union, Intersection, Complement, Difference, Concatenation, Kleene Star, Reversal (Ly, L2
regular - L1 U Lz, L1 n Lz, Li* +ft regular)

Decidable problems Membership (string language # £?), Emptiness (language empty &?), Finiteness,
Equivalence (g automata same language?), Universality (T3 strings accept?)

I Finite Automata with Output

Feature Moore Machine Mealy Machine

Output depends on  &ad current State: Output = f(State) State + Input gHT: Output = f(State, Input)
Output shown on State Transition

Response Generally slower Generally faster

States May require more May require fewer

Example g0 - Output 0, gl = Output 1 -

Equivalence & Applications

Moore 3k Mealy machines Ta-g&R & convert gt dasdt & (ST finite-state input-output behavior represent @t
€)1 FA 3 Applications: Lexical analysis (compiler), Pattern matching, Text searching, Regular expression
processing, Digital circuit design, Protocol verification, Spell checking, Input validation|

Limitations of Finite Automata
Unlimited counting 7@l & TedT; Nested structures recognize =gl & dahdl; Balanced parentheses 3R 01" Siet
languages recognize T8l &R ehdT | Tl problems & faT $arar memory @t models Si& PDA =1fgT|

o Context Free Grammar & Languages

I CFG & CFL

CFG (Context Free Grammar)
Formally 6 = (V, T, P, $) | Production form: A - a (A T& single non-terminal) | Example: S » aSb | & -
language {arb" | n = 0}1

CFL (Context Free Language)
fhft CFG gRT generated languagel Example: L = {arb" | n = 0} | Important: Every Regular Language is CFL,
but every CFL is not Regular.
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I Derivation, Parse Tree

Derivation Grammiar rules apply & start symbol & terminal string W &A1 Example: S - asb -
aaSbb - aabb

Leftmost Derivation & step # & left non-terminal replace

Rightmost Derivation & step # & right non-terminal replace

Parse [ Derivation Tree Grammar derivation @t tree form & represent @t & (hierarchical structure 3@ g)

I Ambiguity

Ambiguous Grammar
g famedt string & T Tas @ sifds parse trees [ leftmost derivations [ rightmost derivations possible i
Example:E - E + E | E * E | id; expression id + id * id & multiple interpretationsi

Inherently Ambiguous Language
gfs fhelt CFL & fog &€ +ff unambiguous CFG #Hig[g &1 &1 Exam Point: Ambiguous grammar # necessarily
inherently ambiguous language; grammar si&eiek ambiguity §T8 ST @l 8, inherently ambiguous language

T T8

Ambiguous -» Unambiguous CFG
Ambiguity gem & fT: Operator precedence, Associativity, Grammar restructuring (S& multiplication @&t
addition & higher precedence)|

I Simplification of CFG

Useless Symbols

St faeft terminal string @t derive @ & useful &l 1) Non-generating symbols (terminal string generate =gt
R Thd) 2) Unreachable symbols (start symbol & reach &)

Simplification Steps
1) e-productions remove 2) Unit productions remove 3) Useless symbols remove| Goal: Equivalent 3k
simpler grammari

I Normal Forms

Normal Form Production Form Exam Trick

CNF A - BC a1 A - a (special case # start symbol & fag & CNF - Two variables
Chomsky Normal Form production allowed)

GNF A - aa (production @ right side terminal & =) GNF - Starts with terminal

Greibach Normal Form
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I Properties of CFL

Property Details

Closure Closed under: Union, Concatenation, Kleene Star | Generally NOT closed under: Intersection,
Complement, Difference (CFL n CFL is not necessarily CFL)

Decision Emptiness - Decidable - Finiteness - Decidable « Membership - Decidable « Equivalence (g CFGs
same language?) - Undecidable in general

Pumping Lemma for CFL

g prove & & g 3k &g language NOT context-free 81 Common form: z = uvwxy, Sief [vwx| < p 3R [vx| > 0,
3R uviwxy € L for suitable i = 01 Exam Point: Regular language —» Pumping Lemma with xyz; CFL -
Pumping Lemma with uvwxy|

o Push Down Automata

PDA (Push Down Automata)

PDA = Finite Automaton + Stack| Stack additional memory 4T g, 3afdid PDA a"b" Si€l languages recognize
&R GehdT g1 PDA H&aa: Context Free Languages &l recognize &3dT &: PDA « CFLI

Formal Definition

P=(Q,2,T,8,qo,Zo,F)

Q = States - X = Input alphabet « I' = Stack alphabet - 5 = Transition function « qo = Initial state « Zo = Initial
stack symbol - F = Final states

Instantaneous Description (ID)

PDA &t current configuration: (g, w, y) - g = Current state, w = Remaining input, y = Stack contentsl|
Example: (g1, abb, AZ) - current state q], input & abb &, stack contents AZ|

I Acceptance by PDA

Acceptance Meaning

By Final State Input & @8 consume g1 & d1& PDA final state # ugd - accepted (Input consumed - Final
State —» Accept)

By Empty Stack Complete input consume & & &g PDA @1 stack empty & ST —» accepted

General nondeterministic PDA & faT acceptance by Final state 3R Empty stack equivalent in
expressive power §|

I DPDA vs NPDA

DPDA (Deterministic PDA)
& configuration & f transition uniquely determined | DPDA &t power general NPDA & &# gidl g Exam
Point: DPDA recognizes Deterministic CFLs (DCFLs); g2 CFL, DCFL =& &1
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I Equivalence of PDA and CFG

Fundamental Theorem
CFGs and Nondeterministic PDAs are equivalent in expressive power: CFG - PDA 3R PDA - CFG g1
conversions possiblel

Conversion Idea

CFG - PDA CFG &I productions @I PDA transitions # convert; PDA stack # grammar symbols 3@ STd g 3R
productions & R replace g I1d §

PDA - CFG PDA & states 3R stack behavior & 4R @R equivalent CFG construct
l Regular Language « FA | Context-Free Language < PDA

Two Stack PDA
94 gf stacks gid &1 Important result: A two-stack PDA is computationally equivalent to a Turing Machine,
Fiifeh g stacks fAemer unbounded read/write storage & a8 & &R Tahd &

e Turing Machine & Decidability

I Turing Machine (1v)

Definition

T powerful theoretical computational model St Read, Write, Move left/right 8fk Change state @R Tadt &1
Components: 1) Infinite tape 2) Read/write head 3) Finite control 4) Transition function| Tape cells &
symbolsga g (..10[111]10|B|B]|..); head symbol read/write 3R left/right move &R T &1

Formal Definition
M=(Q,zT,5, qo, B, F): Q = States, I = Input alphabet, I' = Tape alphabet, 6 = Transition function, go = Initial
state, B = Blank symbol, F = Final statesi

ID of TM & Acceptance

Instantaneous Description: Current state + Tape contents + Head position| Acceptance: TM freft string ™
accepting state # ugd dl string accepted| TM f&&t string &R Accept &R Tehd! 8, Reject = Tehd! g, a1 Forever
loop @ Tahdt & (JEt distinction decidability & Fgwayuf &) |

Variant of TM Meaning

Multi-Tape TM Multiple tapes

Multi-Track TM Teh tape & multiple tracks

Non-Deterministic TM weh configuration & multiple possible transitions
Multi-Head TM Multiple read/write heads

Universal TM &I Turing machines & simulate R Tl &

| g9 @ & variants standard TM & equivalent computational power &@d &1
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TM as Computer of Integer Functions
TM algorithms & #Tea® & computable functions calculate & d&dt 81 Example: Input 3, 4 - TM Addition
perform @& 7 produce & &l

Universal Turing Machine (UTM)

o T™ St fheft 3=1 TM @t description 3R input @R 3T machine &t simulate & Tadt 81 (Description of M +
Input - Universal TM - Simulates M) Exam Point: Universal TM = Machine that simulates other Turing
machines.

Church's Thesis (Church-Turing Thesis)
59 =13 effective algorithmically computable method gRT calculate a1 ST @edT 8, 38 Turing Machine grT #t
compute a1 ST HhdT 81 Important: I8 T thesis & mathematical theorem &1

I Recursive vs Recursively Enumerable (RE) Languages

Feature Recursive (Decidable) Recursively Enumerable (RE)

Accept member Yes Yes

Reject non- Yes May reject or loop

member

Always halts Yes No

Also called Decidable Turing-recognizable

Definition T™M & input W halt &<t 8: string language  Language # string 84 ® eventually accept; 7
# 8 > Accept, T8l & - Reject 811 W reject a1 forever loop

Every Recursive Language is RE, @fcd every RE Language is not necessarily Recursivel | Key:
Recursive = Always halts.

I Undecidability

Halting Problem

Given a program/Turing machine 38R input, &1 a8 eventually halt &t a1 forever aerft? Alan Turing 3 fa@mar
fé @I$ general algorithm @+t programs & feit @&-gt determine =&l & HehdTl Halting Problem -
Undecidable.

Undecidable Problem

s fhelt problem & o 34T algorithm HiS[g 8! STt a9 valid input T finite time & & answer 3, d ag
undecidable g1

XD (Haiting Problem ) ( TM acceptance problem )( TM equivalence problem ) (Post Correspondence Problem )
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Undecidable Problem (about

™) Question

Acceptance Problem T TM M input w &T accept &wit? (generally undecidable)
Halting Problem 1 TM M input w @R halt &f?

Equivalence Problem 13t TMs same language accept el 8?

Emptiness Problem T TM & language empty &2 (undecidable in general)

I PCP, MPCP & Recursive Function Theory

Post Correspondence Problem (PCP)
Domino/tile pairs 3T 5ma &: Top: X1 x2 X3 ... [ Bottom: y1y2 y3 ...; & & f& @1 ¥t sequence #is[g & fST@ Top
string = Bottom string g! STq| PCP is undecidable.

MPCP (Modified PCP)
PCP @& modified version fSid matching sequence @t e specified first pair € % &A1 3129 &1 MPCP is
also undecidable, 3k PCP &l undecidability prove &3 & MPCP &I 39diT gidT &

Recursive Function Theory
Computable functions 3R 376 mathematical properties & 31ega91 Computability theory I8 study & &:
"What can be computed?”

(Recursive functions) (Partiul recursive functions) (Computobility) (Decidubility) (Recursion)

Language Class Machine

Regular Language Finite Automata (FA)
Context-Free Language Push Down Automata (PDA)
Recursive [ RE Language Turing Machine (two-stack PDA = TM)
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